We investigate a k-essence field localized on the brane evolving linearly with the cosmological time for arbitrary kinetic functions and consider the atypical k-essence model for linear and nonlinear k-fields in Friedmann-Robertson-Walker (FRW) cosmology. In the former case the k-field is driven by an inverse quadratic polynomial potential and the solutions exhibit several different behaviors which include expanding, contracting and bouncing universes as well as a model with a finite time span, some of them ending in a big crunch or a big rip. In the latter case we find the potential and show that the atypical k-essence model is dynamically uncomplete. Particularly, by selecting the extended tachyonic kinetic functions we analyze the high and low energy limits of our model, obtaining the nearly power law solution. We introduce a tachyon field with negative energy density and show that the universe evolves between two singularities.
I. INTRODUCTION
Recent progress in Superstring and M-theory have offered a new perspective to understand the cosmological evolution of the universe [1] , [2] , [3] , [4] , [5] . Under this scheme our Universe is conceived as a 3D brane embeded in a higher dimensional spacetime usually referred as the bulk [6] . One of the mains features of the brane-worlds is based on the assumptions that matter fields are confined to the brane while the graviton can propagates into the bulk as well as into the brane. Among many interesting models coming from this new scenarios, there are two possibilities that seem to resolve different problems in the standard cosmology. On the one hand, the RS models exhibit a set up where the extradimension could be infinite and the effective gravitational interaction posses some very small correction on the brane [4] . On the other hand, the DGP scheme provides a modification of gravitational laws at large distances and allows, by means of a non trivial mechanism, to recover the 4D Einstein gravity at moderate scale [7] .
A great amount of works have been invested in studying cosmological scenarios with non-canonical kinetic term usually known as k-essence models. The idea of k-essence has its origin in Born-Infeld action of string theory [8] and it was firstly introduced as a possible model for inflation [9] . In this context, inflation is polelike, that is, the scale factor evolves like a negative power of the cosmic time [9] , [10] , [11] . Lately, efforts in the framework of k-essence have been directed toward model building using power law solutions which preserve [11] , [12] , [13] , [14] or violate the weak-energy condition [15] . In addition, a kessence model with a divergent sound speed (called atypical k-essence) was carefully analyzed in Refs. [16] , [17] .
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In the latter it was shown that the model fix the form of the Lagrangian for k-essence matter. Many others aspects concerning to k-essence theory have been explored in the literature such as an unifying model of dark components with k-essence [10] , [18] , k-essence as dark energy source [19] , purely kinetic multi k-essence model crossing the phantom divide barrier [20] , [21] , tracking solution [22] or holography [23] and so on. Cosmological k-essence condensation was deeply explored in Friedmann cosmology [24] as well as in the brane context [25] . In Refs. [24] was established a general mappings between the kessence scalar field, the hydrodynamics and braneworld description. Recently, it was used the algorithm developed in Ref. [12] to construct potential which can implement power law solution on FRW brane world in the presence of ordinary scalar field as well as tachyonic field [26] . The the high energy limit for the tachyonic potential on the brane turns out to be V = V 0 φ −1 and reduces to inverse square potential in the low energy limit.
This letter is organized as follows. Firstly we present the model of k-essence matter localized on the FRW brane and obtain the scale factor and potential for a k-essence field evolving linearly with time. After that we examine the divergent sound speed model. Then, we apply these results to the extended tachyon field case. Finally the conclusions are stated.
II. K-ESSENCE IN BRANE-WORLD MODEL
In the following, we shall explore the evolution of a cosmological brane filled with a k-essence field φ. The energy-momentum tensor of the k-field on the brane is
where F (x) is an arbitrary function of the kinetic energy x = −φ 2 and V (φ) is a positive potential. Using the perfect fluid analogy, the energy density and pressure are
We shall focus on cosmological branes with a flat FRW spacetime as the induced metric
where a(t) is the scale factor and H =ȧ/a is the Hubble expansion rate. Then the modified Einstein equations on the brane are (see [27] , [28] and references therein)
The evolution of the early universe can be separated into the high energy regime, ρ φ ≫ λ 2 , where the quadratic density term in Eq. (4) (2) and (5) the dynamic equation for the k-essence field can be recast as
with ′ ≡ d/dφ. Also, by writing the equation of state for the k-essence as p φ = (γ φ − 1)ρ φ , the barotropic index reads γ φ = −2xF x /(F − 2xF x ). The simplest solution of Eqs. (4) and (5) is obtained for x = x 0 , with x 0 a constant and F x (x 0 ) = 0. For these kinetic functions the barotropic index vanishes andρ φ = 0 by Eq. (5). It means that the potential is a constant, so the Eq. (4) constraints the expansion rate to be constant also and the brane exhibits a de Sitter phase for those F .
Other kind of solutions can be found by re-writing the modified Friedmann equations on brane (4)- (5) as follows
where we have introduced a new variable α = ρ φ /V = F − 2xF x . This new setting is useful to present the problem from a different perspective and find exact solution with k-essence source in a neatly way. Now, we assume both, a k-field evolving linearly with the cosmological time, φ = φ 0 t with φ 0 a constant, and the following constraint α = α 0 . The latter condition can be implemented in two different ways, it is satisfied for any function F or for the particular kinetic function F ∞ fulfilling the requirement
The model generated from F ∞ was widely studied in the literature [16] , [17] because it has many interesting properties being the divergent sound speed its main feature. Usually it is called atypical k-essence or divergent sound speed model [17] . In the first case, α = α 0 and φ = φ 0 t, the barotropic index becomes constant γ φ = γ 0 and one finds the potential V = V 0 a −3γ0 , after integrating the conservation equation (8) . For this type of potential the Eq. (7) readṡ
with y = a 3γ0 , ρ 0 = V 0 α 0 and its general solution is given by
where τ = γ 0 t. This solution has singularities at τ s = 0 and/or τ s = ∓4/λ. For ρ 0 > 0, we have four expanding universes, two of them with γ 0 > 0 evolve from an initial singularity at τ s = 0 or τ s = 4/λ. The scale factor begins as a ∝ (τ −τ s ) 1/3γ0 in the high energy regime and ends as a ∝ τ 2/3γ0 in the low energy regime. The remaining two universes with γ 0 < 0 end in a final big rip at τ s = 0 or τ s = −4/λ having the final behavior (τ s − τ ) 1/3γ0 . Also, we have four contracting universes by making the time reversal of the above solutions. For ρ 0 < 0, the solutions have an extremum at τ e = 2/λ where the scale factor takes the value a e = (−3ρ 0 /λ 2 ) 1/3γ0 . They represent two universes with a finite time span, one of them begins from an initial singularity reaches a maximum value a e and ends in a big crunch at τ s = 4/λ. The other begins from a singularity at τ s = 0, reach a minimum at a e , where it bounces, and ends in a final big rip at τ s = 4/λ. In addition we have the time reversal of these solutions. It is important to remark that some authors have studied accelerated or decelerated scenarios of 3-brane [29] and also bouncing brane [30] .
On the other hand, combining φ = φ 0 t with a(t) and V = V 0 a −3γ0 , we obtain the following potential
In the early universe where the brane cosmology takes place, the strong effect on the brane becomes important i.e., the Hubble parameter behaves as H ∝ ρ/λ when λ → 0 and the potential approaches V ∝ ±λφ −1 . It seems to be the counterpart of the solution found in the context of cosmological brane sourced by quintessence driven by an inverse square potential [31] , [32] , [33] . In the opposite limit λ → ∞, the potential takes the form V ∝ φ −2 and we recover the power law solution for the scale factor with an inverse square potential [12] , [13] [14] .
The potential (11) is interesting because it was obtained for any kinetic function and shows that the brane correction shifts the inverse square power law, characterizing the Friedmann cosmology, to the inverse linear one at high energy. It has a global minimum at φ e = 2φ 0 /λγ 0 or a global maximum at φ e = −2φ 0 /λγ 0 .
Finally, by associating the brane equations to the Friedmann scheme throught an effective pressure and effective energy density, we find the linear barotropic equation of state in the low energy limit. However, in the high energy regime the k-essence source turns out to be a modified Chaplygin gas, P ef ≈ Aρ ef + Bρ −α ef with A = (2γ 0 − 1), B = ±γ 0 λ/ √ 3 and α = −1/2. Below, we study the atypical k-essence model [11] , [14] , [17] where F ∞ satisfy the requisites α = α 0 and F ∞ − 2xF ∞ x = α 0 . Integrating the latter one finds the kinetic function of this theory,
where α 0 and β are arbitrary constants. It is associated with a divergent sound velocity [16] , [17] and with the extended tachyon model considered in [11] . In Ref. [17] it was shown that the existence of solutions for the Friedmann cosmology leads to the inverse square potential. Considering the kinetic function (12) and its associated barotropic index γ φ = −β √ −x/α 0 in the conservation equation (8) we find that
This atypical model has an energy density ρ a = α 0 V (φ), so replacing (13) into the Eq. (4) one gets the potential
Although potentials (11) and (14) have the same form, the parameters have a different meaning. The potential on the brane (14) generalizes the inverse square one of the Friedmann cosmology shifting the divergence to φ ∞ = ±4α 0 /λβ. There is no equation of evolution for φ nor a in the sense that we needed to know one of them to get the other one. Hence, the time dependence of a or φ is not fixed by the form of the potential, meaning that, the modified Friedmann equation on the brane has some missing information when the atypical k-essence is considered. In other word the dynamic of this theory is uncomplete. This atypical k-essence theory becomes an intrinsic component of all k-essence models. Therefore, for asymptotic power-law expansions the linear k-field model driven by a nearly inverse square potential and the atypical model are isomorphic.
A. Extended Tachyons in brane-worlds
Recently, it was proposed that the kinetic function leading to the tachyon Lagrangean could be extended to allow any value for the barotropic index [11] . Refs. [11] and [34] provide an adequate framework to consider phantom tachyon as well as complementary tachyon in addition to the ordinary one. This new tachyon configurations generalize the Chaplygin gas introducing the phantom and complementary Chaplygin gases. The kinetic functions for the above three cases are
The scale factor and potential for the three sets of extended tachyon fields are given by Eqs. (10) and (11) 
respectively. The ordinary and complementary tachyons lead to expanding scenarios. However, the former has a final accelerated expansion for φ ph . Also, we comment that the ordinary tachyon field as well as the complementary one satisfy the weak energy condition, namely ρ ≥ 0 and ρ + p ≥ 0, and the null energy condition, that is ρ + p ≥ 0. However, as it was expected the phantom tachyon field violates both conditions. Further, late accelerated phase with tachyon fields was examined in [35] and scaling solution in modified gravity sourced by tachyons were found in [36] .
An interesting possibility arises for the extended tachyon matter localized on the brane. Taking into account that the modified Friedmann equation are quadratic in the local energy density, we considerer a possible tachyon field with negative energy density. In order to do so, we change the sign of the kinetic function in Eqs. (15)- (17) keeping the potential positive definite V > 0. Note that the barotropic index preserves its sign under the change F → −F .
A universe filled with these extended tachyons evolves between two singularities having a finite time span t ts = 4/λ|γ 0 |. The scale factor has a maximum a = a e for ordinary and complementary tachyons, ending in a big crunch or has a minimum a = a e where the phantom tachyon bounces before it blows up in a big rip. A universe filled with complementary tachyon collapses faster than the one with ordinary tachyon while the potential has a global minimun at a = a e or a global maximum at a e for an universe filled with phantom tachyon.
As a final remark, if we choice γ 0 = 1, which means to select the matter energy density ρ = ρ 0 a −3 , then the Friedamn equation on the brane world model with zero nonlocal radiation term contains the same terms than the Friedmann equation for a Bianchi Type-I universe matter dominated. Basically, the quadratic contribution introduced by the brane behaves as stiff matter, the same as the contribution of the anisotropy of the universe at early stage contained in the shear term σ = σ 0 /a 6 . This analogy seems reasonable because the anisotropy as well as the brane effects exhibit their main features at early stage of the universe.
III. CONCLUSIONS
We have explored the 3-dimensional cosmological brane with k-essence for spatially flat FRW spacetime. We have described the dynamical evolution of brane when the k-field evolves linearly with the cosmic time, obtaining like result that scale factor has one or two singularities depending on the sign of ρ 0 and γ 0 . Later on we have classified the different solutions. This classification includes expanding or contracting brane-worlds for ρ 0 > 0 with a power law behavior at the initial and final stages while for ρ 0 < 0 there are bouncing universes with a finite time span and a final big cruch for γ 0 > 0 or a final big rip for γ 0 < 0. The linear k-field is driven by an inverse quadratic polynomial potential. So that, the quadratic brane correction shifts the inverse square potential characterizing the Friedmann cosmology, to the inverse linear one at hight energy where the k-essence is represented by a modified Chaplygin gas. We have obtained a similar potential by taking into account the atypical k-essence model and showed that the dynamic evolution of φ and a is not fixed neither in the brane scheme nor at Friedmann cosmology, indicating the uncomplete realization of this model. Finally, we have introduced the extended tachyons with negative energy density. Within the brane context the scale factor evolves between two singularities having a finite time span which depends on the brane tension and the barotropic index. For the ordinary and complementary negative tachyons the scale factor has a final big cruch while for the phantom one bounces and ends in a final big rip.
